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Abstract 

In this paper we examine on changing the base which induces a pair of 
functors for a subcategory of a category of crossed modules over commu- 
tative algebras. We give some examples and results on induced crossed 
modules. 
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Introduction 

Let 5' be a ring. Then there is a category Mod/S* of modules over 5. If : 5 — *■ i? 
is a ring homomorphism, then there is a functor ip* from Mod/i? to Mod/S* 
where S acts on an i?-module via </>. This functor has a left adjoint to 0* 
giving the well known induced module via tensor product. This construction 
can be known as a "change of base^^ in a general module theory setting. Brown 
and Higgins [1] generalised that to higher dimension for the group theoretical 
case, that is, a morphism (j) : P ^ Q oi groups determines a puUback functor 
(j)* : XMod/Q XMod/P, where XMod/Q denotes a subcategory of objects 
of a category XMod of crossed modules over Q. The left adjoint (/i, to puUback 
gives the induces crossed modules. This is also given by pushouts of crossed 
modules. 

In this work we will consider the appropriate analogue of that in the theory 
of crossed modules in commutative algebras. Although this construction has 
already been worked by Porter jllj and Shammu 13J, we will reconsider and 
develop that in the light of the works of Brown and Wensley [HI [7] ■ The purpose 
of this paper is to give some new examples and results on crossed modules 
induced by a morphism of algebras : 5 — » i? in the case when </> is the 
inclusion of an ideal. In the applications to commutative algebras, the induced 
crossed modules play an important role since the free crossed modules which are 
related to Kozsul complexes given by Porter fTT are the special case of induced 
crossed modules. We believe that the induced crossed modules of commutative 
algebras give useful informations on Koszul-like constructions. 

Conventions: Throughout this paper fc is a fixed commutative ring, R a 
fc-algebra with identity. All fc-algebras will be assumed commutative and as- 
sociative but there will not be requiring algebras to have unit elements unless 
stated otherwise. 
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1 Crossed Modules of Commutative Algebras 



A crossed module of algebras, {C,R,d), consists of an i?-algebra C and a k- 
algebra R with an action of R on C, (r, c) ^ r ■ c for c C,r R, and 
an i?-algebra morphism d : C ~* R satisfying the foUowing condition for aU 
c,c' eC 

d{c) ■ c — cc. 

This condition is called the Feiffer identity. We call R, the base algebra and 
C, the top algebra. When we wish to emphasise the base algebra i?, we call 
(C, R,d), a crossed _R- module. 

A morphism of crossed modules from (C, R, d) to (C, R' , d') is a pair (/, <j)) 
of fc-algebra morphisms / : C — > C ,(/) : R — > R' such that 

(i)97 = 05 and (ii) /(r • c) = (/.(r) • /(c) 

for all c e C, r G i?. Thus one can obtain the category XMod of crossed modules 
of algebras. In the case of a morphism (/, (j>) between crossed modules with the 
same base R, say, where (j) is the identity on R, 

C 

R 

then we say that / is a morphism of crossed i?-modules. This gives a subcategory 
XMod/R of XMod. 

1.1 Examples of Crossed Modules 

(i) Any ideal, /, in R gives an inclusion map / — > R, which is a crossed module 
then we will say (/, R, i) is an ideal pair. In this case, of course, R acts on / by 
multiplication and the inclusion homomorphism i makes (/, i?, i) into a crossed 
module, an "inclusion crossed modules" . Conversely, 

Lemma 1 // (C, R, d) is a crossed module, d{C) is an ideal of R. □ 

(ii) Any i?-module M can be considered as an i?-algebra with zero multipli- 
cation and hence the zero morphism : M ^ i? sending everything in M to the 
zero element of i? is a crossed module. Again conversely: 

Lemma 2 // (C, i?, d) is a crossed module, ker d is an ideal in C and inherits 
a natural R-module structure from R-action on C. Moreover, d{C) acts trivially 
on ker 9, hence ker 9 has a natural R/ d{C)-module structure. □ 

As these two examples suggest, general crossed modules lie between the two 
extremes of ideal and modules. Both aspects are important. 

(iii) In the category of algebras, the appropriate replacement for automor- 
phism groups is the multiplication algebra defined by Mac Lane [T^. Then 
automorphism crossed module correspond to the multiplication crossed module 
{R,M{R),ti). 
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To see this crossed module, we need to assume Ann (R) = Q or R^ = R and 
let M (R) be the set of all multipliers 6 : R ^ R such that for all c, c' G C, 
5 {rr') = 5 (r) r'. M (i?) acts on R by 

M{R) X R — > R 

id,r) ^ d{r) 

and there is a morphism fj, : R M (R) defined by /i (r) = Sr with (5^ {r') — rr' 
for all r,r' e i?. (See [2] for details). 

1.2 Free Crossed Modules 

Let (C, i?, 9) be a crossed module, let F be a set and let u : F ^ C be a function, 
then (C, R, d) is said to be a free crossed module with basis v or alternatively, 
on the function dv : Y ^ R ii for any crossed i?-module {A, R, 5) and a function 
w : Y ^ A such that 6w = dv, there is a unique morphism 

cj,:{C,R,d)^{A,R,S) 

such that the diagram 



C 




A 



R 



is commutative. 

For our purpose, an important standard construction of free crossed R- 
niodules is as follows: 

Suppose given f : Y ^ R. Let E — i?+ [Y] , the positively graded part of the 
polynominal ring on Y. f induces a morphism of i?-algebras, 

9: E ^ R 

defined on generators by 

We define an ideal P in E (sometimes called by analogy with the group theo- 
retical case, the Peiffer ideal relative to /) generated by the elements 

{pq ~e{p)q: p,q(E E} 

clearly 9 (P) — 0, so putting C — E/ P, one obtains an induced morphism 

S:C^R 

which is the required free crossed i?-module on / [T^]. 

This construction will be seen later as a special case of an induced crossed 
module. 



3 



2 Fullback Crossed Modules 



Within the theory of modules and more generaUy of Abehan categories, there 
is a very important set of resuhs known as Morita Theory describing between 
categories of modules. The idea is that let 4> : S R he a ring homomorphism 
and let M be a i?-module, then we can obtain S'-module (p* (M) by means of cj) 
for which the action is given by s • m = (f)(s)m, for s G 5*, m G AI. Then there is 
a functor 

0* : Mod/R — y Mod/S. 
This functor has a left adjoint 

0* : Mod/5' — > Mod/R. 

Then each S'-module N defines a i?-module 0* {N) — S (S)s This construction 
can be also known as a "change of base" in a module theory. In this section we 
will see the corresponding idea with crossed modules. We call these structures 
a puUback crossed module and induced crossed module, respectively. These 
functors had already been done by Porter, [llj . under different names. Also 
Shammu [13], had considered in his thesis for non-commutative case. But we 
will deeply analyse these constructions by using the work of Brown- Wensley and 
Brown, Villanueva and Higgins ^[71[S]. Similar results are known for crossed 
modules of groups [H [S] , and Lie algebras [5] . 

We will define a puUback crossed module which is due to . 

Definition 3 Given a crossed module d : C R and a morphism of k-algebras 
4> : S ^ R, the puUback crossed module can he given by 

(i) a crossed S -module cj)* (C, i?, d) = {d* : cf)*{C) S) 

(ii) given 

{f,^):{B,S,ti)-^{C\R,d) 

crossed module morphism, then there is a unique (/*,ids) crossed S-module 
morphism that commutes the following diagram: 



{B,S,fi} 



ifMs),. 



or more simply as 
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2.1 Construction of Fullback Crossed Module 

Let (C, R, d) be a crossed i?-module and let ^ : 5 — > i? be a morphism of 

fc-algcbras. 

We define A = {(c,s) | </> (s) = 5 (c) , s € S, c € C} C C x S. A has the 
structure of a 5-algebra by 

s • (c, s') = {(p (s) • c, ss'). 

If we take 0* (C) = A, then </>* (C, R, d) = (0* (C), S, d*) is a pullback crossed 
module. We now show this as follows: 

i) d* : 4>* (C) — > S, d*{{c, s)) = s is a crossed ^-module. Since, 

d*{c,s)-{c',s') =s-(c'.,s') 

= {^{s)-c',s.s') 
= {d{c)-c\.ss') 
= {cc', ss') 
= {c,s) {c',s') 

ii) 

(0',0) : (0* {C),S,d*) ^iC,R,d) 
is a morphism of crossed module where (j)' (c, s) = c. Since 

(/.'(s'-(c,s)) = (/)'(0(s')-c,s's) 
= 0(s')-c 
= <^(s')-</''(c,s) 

and clearly = (j)d*. 
Suppose that 

(/, ^):{B,S,fi)^iC,R,d) 

is any crossed module morphism such that df = (pjj, then there is a unique 
morphism 

f*:B — > (j)* (C) 

since df (x) = (jiji {x) for all x £ B. Now, let us show that {f* ,ids) , is a crossed 
^-module morphism. For x G B, s G S 

f*{s-x) = {f {s ■ x) ,^i{s ■ x)) 

= (0(,s)./(.t),,sm(x)) 

= s ■ if (x) , fi {x)) 

= s-rix) 

= idsis) ■ f* {x) , 

so {f*,ids) is a crossed S-module morphism. 
Finally; for all x e (/)* (C), 

{d*n{x) = a*(,r(x)) 

= a*(/(x),M(x)) 
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so, d*f* = and 



cl>'r{x) = <^'(/(x),m(x)) 

= /(^) 

so (/)'/* = /. Thus, we get a functor 

(/)* : XMod/i? — > XMod/S 

which gives our puUback crossed module. 

This puUback crossed module can be given by a puUback diagram. 

Corollary 4 Given a crossed module (C, R, d) and a morphism (p : S R of 
k-algebras, there is a puUback diagram 



a* 



-^R 



Proof: It is straight forward from a direct calculation. □ 

2.2 Examples of PuUback Crossed Modules 

1. Given crossed module i = d : I ^ R where i is an inclusion of an ideal. 
The pullback crossed module is 



as. 



(7) = {it,s) I cf>{s) = d{i) = t, seS,zel} 
^ {s G S* I (s) = i G /} = (/) < S. 



The pullback diagram is 



a* 



-^R 



Particularly if / = {0} , then 

({0}) ^{seS \<l){s)=0} = Ker0 

and so {Kercj), S, d*) is a pullback crossed modules. Kernels are thus particular 
cases of pullbacks.Also if phi is onto and I = R, then (i>*{R) = Rx S 
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2. Given a crossed module : M — > R, 0(m) = where M is any 
i?-module, so it is also an i?-algebra with zero multiplication. Then 



where 



r {M,R,0) = {r {M),S,d*) 

(M) = {{m,s) € M X S \ <l){s) = d{m) = 0} 
= {{m,s) I </.(s)=0, sgS} 
= M X Kercj) 



The corresponding puUback diagram is 

M X Kercj) — 



So if (j) is injective (Kert/) = 0) , then M ^ </>* (M). If M = {0} , then 0* (M) ^ 
Ker^. 

3. If : 5 — > i? is a morphism of algebras, then there may, or may not be a 
morphism M(0) : M{S) M{R) such that 



-^R 



M{S)' 



■M{R) 



M{4>) 

is a morphism of crossed modules. Using the following commutative diagram 

r{R) ^R 

S ^ M{R) 



M{S) 



we get the puUback diagram 



-^R 



M{S) 



M(0) 



M{R) 
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where 

r {R) - {(7, r) : Af (0) (7) = 9 (r) , 7 e M{S), r e i?} 



3 Induced Crossed Modules 

We will consider a functor : XMod/S* — > XMod/i? left adjoint defined to 
the puUback </)* of the previous section. This functor has already been defined 
by Porter [11] for which he call it "extension along a morphism" . But we defined 
this functor by the universal property and analysed this construction deeply. 

Definition 5 For any crossed S-module d : D ^ S and k-algebra morphism 
(j) : S R, the induced crossed module can be given by 

i) a crossed R-module 0, (D, 5, d) = (9, : (f>^.{D) R) 

a) Given 

if,^):iD,S,d)^{B,R,ij) 

crossed module morphism, then there is a unique crossed R-module 

morphism such that commutes the following diagram 

{D,S,d) 




if, Mr) 



or more simply as 




3.1 Construction of Induced Crossed Module 

We will construct the induced crossed module as follows. Given a fc-algebra 
morphism (j> : S ^ R and a crossed module d : D — > S, and let the set 

F{D X R) 

be a free algebra generated by the elements oi D x R. Let P be the ideal 
generated by all the relations of the three following types: 

(di,r) + ((i2,r) = {di + d2,r) 
(s ■d,r) ^ {d,(f){s)r) 
(fii,ri)((i2,r2) = {d2jri{(j)ddi)r2) 
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for any d, di,d2 G D, and r € R, s G S 
We define 

D(g,sR = F{D X R)/P. 

This is an i?-algebra witli 

r' • (d (E) r) = d (g) r'r 

for dG D, r, r' e R. If we take (j)*{D) = D i^s R, then 

MD,S,d) = {MD),R,d,) 

is a induced crossed module. We will see it as follows: 
i) 

a* : £) (8>S i? — y R 

d®r I — »■ (j)d [d) r 

9*(d(g)r) • (di 0ri) = {{(j)dd)r) ■ [di ^ n) 

= {dx ® <i){dd)rri) 

= {dd ■ di (8) rn) 

= {ddi ig) rri ) 

= (d0r)(di0ri) 

so 9* is a crossed i?-module. 

ii) Since R has a unit, (j)' : D ^ (j)^, (D) is defined by ^'{d) = (d (8> 1), then 

(p'is-d) = {s-d(g)l) 
= {d(g)(t) (s)) 

ioT d G D, s € S. So ((/>',(/)) : {D,S,d) (0* (£)) ,-R, 5*) is a crossed module 
morphism. 
Let 

(/,(/)):(Z?,5,9)^(i?,i?,r7) 
be any crossed module morphism. Then there is a morphism given by 

d'S)r I — > r-f{d) 

Also, for a; G (/)* (£>) , r e R 



f*{r-{di(S>ri)) = fAdi^rri) 

= rn ■ f{di) 

= r-{n-f{d{)) 

= r-/,(di®ri) 

= idnir) ■ f^{di®ri) 



so (/* , idR) is crossed ii-module morphism. 
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Finally, 



irjf*){{d®r)) 



for each (d (g) r) e {D) and 

id) 



rvifid)) 
r<l>{d{d)) 
9* {d ® r) 
idudt, {d (gi r) 



/* id)) 

Mid^l)) 

fid) 



so /*^' = /. Thus, we get a functor 

(f)^ : XMod/5 — > XMod/R 

which gives our induced crossed module. 

This induced crossed modules can be interpret in terms of pushout diagram. 

Corollary 6 Let d : D ^ S be a crossed S-module and (j) : S ^ R, k-algebra 
morphism. Then there is a induced diagram 



D 



K{D) 



□ 



Theorem 7 For any k-algebra morphism (p : S ^ R, there is adjoint functor 

pair ((/)*, 0*) . 

Proof: The proof can be easily shown using the universal property of the 
pushout. □ 

3.2 Examples of Induced Crossed Modules 

1. Let D — S and d = ids ■ S ^ S be identity crossed ^-modules. The 
induced crossed module diagram is 



i=d 




where (S) = S '^s R- 
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(Remark: S has not unit, otherwise 5 -R — R)- When we take 5 = 
the positively graded part of the polynomial algebra over k on the set 
of generators, X we have the induced crossed module constructed in section 
1.2. 9* : ^k+[x] R ^ R which is the free -R-module on f : X — »■ R. 

Thus the free crossed modules is the special case of the induced of the induced 
crossed modules. We will examine this with respect to section 3.1. 

Considering the free crossed module construction given in the first section, 
we have a diagram 




{k+[x]xR)/p^k+[x] ^knx]R 

where P is an ideal generated by all the relations given in section 3.1. Thus for 
allp e k+[X], r€R 

9{{Pi,r) + {p2,r)-{pi+p2,r)) = 9 {pi,r) + 9 {p2,r) - 9 {pi + p2,r) 

= (1^ (Pi) r + (p {P2) r - {(j) {pi) + (j) {p2)) r 
= 



9{{p-q)- {q,(t>{p)r)) = 9 {pq,r) - 6 {q,^{p)r) 
= ipq) r + (f>{q)(j) ip) r 

= 

9{{pi,ri) (p2,r-2) - {p2-,ri4>dpir2)) = 9 {pi,ri) 9 {p2,r2) - 9 {p2,ri<pdpir2) 

= (j) (pi) ri(p (p2) ?'2 - </» (P2) ri4)d (pi) r2 

= 

so 9{P) = 0, and we have the pushout diagram 




where {k+[X]) = k+[X] ^k+[x] R 



a*: k+[X]^k+[x]R — ' R 
p®r I — > (j) {p) r 



withp G k+[X], d{p) =p. 
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2. Let D be 5- module and = d : D —> S he zero morphism. The pushout 
diagram is 



D 



d=0 



where 



9* {d (g) r) 



so a* = and P = 0. Thus, 



(d))r 
0(0) r 
Or = 



(£)) =F{DxR) 



Then, the induced crossed modules is a free S'-module on D x R. 

3. Given crossed module i = d : I ^ S where i inclusion of an ideal. Using 
any surjective homomorphism (j) : S ^ S/I the induced diagram is 




Thus we get (!) = I<Si{S/I) = I/P which is an 5//-module. So 0* does not 
preserve ideals. 

4. Given crossed module 9 : 5 — > M{S) with d{s) = 5s and Ss{s') = ss' 
for all s, s' e S. If M((/)) : M{S) M{R) is a morphism where cf) : S ^ R m 
a morphism of algebras such that {(j), M{(f))) is a morphism of crossed modules. 
We get the induced diagram 



■MS) 



M{S)- 



M(0) 



■M{R) 



where {S) = S (g) M{R). 



3.3 Properties of Induced Crossed Module 

0* {D) induced crossed S'-module can be expressed more simply for the case 
when (p : S R, /e-algebra morphism, is an epimorphism or monomorphism. 
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3.3.1 Epimorphism case: 

Proposition 8 JT^ Let d : D ^ S be a crossed S-module and (p : S ^ R 
epimorphism with Ker(j) — K . Then 

0* {D) = D/KD 

where KD is an ideal of D generated by KD ^{k-d\d£D,kE K}. 

Proof: Because S and K acts trivially on D/KD, R ^ S/K acts on 
D/KD. Indeed, because of 

S X D/KD — y D/KD 

(s, d + KD) I — > s-{d + KD) ^ sd + KD 

and 

K X D/KD — > D/KD 

(k, d + KD) I — > k-(d + KD) = kd + KD 

S/K acts on D/KD as following 

5* X D/KD ^ D/KD 



S/K X D/KD ^ D/KD 

(s, d + KD) I ^ sd + KD 



{s + K,d + KD) I ^ sd + KD 

As (/) : — > i? is surjective, we get the following 

R ^ S/K 

and R acts on D/KD. 

j3 : D/KD R given by /3 (d + KD) = d{d) + is a crossed i?- module. 
Indeed, 

f3{d + KD) ■ {d' + KD) = {dd + K) ■ {d' + KD) 

= d{d)-d' + KD 
= dd' + KD 
= {d + KD) id' + KD) 



{p,(t)) ■ {D,S,d) — > {D/KD,R,(3) is a crossed module morphism where p 
D — > D/KD, p{d) =d + KD since p {s ■ d) = (j) {s) ■ p {d). 
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Suppose that the following diagram of crossed module is commutative. 

p' 

D —^D' 



/3' 



R 



Since p'{s ■ d) = <p{s) ■ p'{d) for any d G D, s G S,we have 

p'{k-d) = (p {k) ■p'{d) = 0- p' (d) = 

so p' (KD) = 0. Then, there is a unique morphism p, : (D/KD) — > D' given 
by p{d + KD) = p' (d) such that p,p = p' and p is well defined, because of 
p' {KD) = 0. Finally, the diagram 




commutes, since for all € .D 



j3{d + KD) = (l)dd 

= dd + K 

= /3'p'id) 

= (3'p {d + KD) 



and 



p{r ■ {d + KD)) = p{{s ■ d) + KD) = p{p{s ■ d)) =p'{s- d) 
= (j){s)- p' {d)=r- pp{d) =r-p{d + KD) 
so p preserves the actions. □ 



3.3.2 Inducing Crossed Modules by an ideal inclusion 

Monomorphism case: 

In this subsection we consider the crossed modules induced by a morphism 

: S — > i? of fc-algcbras, the particular case when S is an ideal of R. 
If e -D, then the class oi d in D/D"^ is written as [d]. If M is an algebra, 
then I{M) denotes the augmentation ideal of M. Then the augmentation ideal 
of I{R/S) of a quotient algebra R/S has the basis {cijC,^ . . .5^^, ii < 12 < 
■ ■ - ip, ij € where e^^ is the projection of the basic element € I{R) 

on R/S. 

Theorem 9 Let D C S be ideals of R so that R acts on S and D by mul- 
tiplication. Let d : D ^ S , (f) : S ^ R be the inclusions and let V denote 
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the crossed module [D, S, d) with the multiplication action. Then the induced 
crossed R-module 0* {T>) is isomorphic as a crossed R-module to 

C: D X (D/D"^ (S)I{R/S)) — > R 
{d, [t] (g) x) I — > d. 

The action is given by 

r ■ {d, [t] ^x) = {r ■ d,[d\0f + [t] ^fx - [x -tl^f) 

for d, t € D ; X € I{R/S) where f, x denote the image of r, x in R/S, 

respectively. 

Proof: First we will show that 

T^{C:T={Dx {D/D^ I{R/S))) R), ( {d, [t] x) = d 

is a crossed module with the given action: 

C {d', [f] ® x') ■ {d, [t] (S)x) = d' ■ {d, [t](g)x)_ _ _ 

= (d' ■ d, [d] 0d' + [t] (g) d'x -[x-t]<» d') 

= [d'd, 0) 

= [d'd, [ft] ® x'x) 

= {d',[t'](g)x'){d,[t](g)x) 

Consider i : D D x {D/D^ ® I {R/S)) , i{d) = {d, 0) . We have the following 
diagram. 




S : — ^R 



Clearly we have a morphism of crossed modules (i, (j)) : V T. Wc just 
verify that this morphism satisfies condition ii) of Definition 2.3. That is, when 
a morphism of crossed module (/3, cp) : {D, S, d) (C, R, a) is given we prove 
that there is a unique morphism cj) : T = D x {D/D^ Cg) I(R/S)) C such that 
(j)i = P and acp = Since (p has to be a homomorphism and preserve the action 
we have 

^(rf,[i]0e(i)) = J((rf,0) + (0,[t]®e(i))) 

= 0(((i,O) + (e(,) -tjt]® e(,)) + •i,0)) 

= 0((d,O) + (e(,)-(t,O) + (-e(,)-i,O)) 

= ^((d,0)) + (/)[e(,).M)) + (/.((-e(i)-t,0)) • 

= (j}i{d) + e(j) • (j)i{t) - </'i(e(j) • t) 
= p{d) + e(i) • f3{t) - /3(e(i) • t) 
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for any d G D, ([f] e(j)) € D / D"^ <^ I {R/ S) , This proves uniqueness of any 
such a (/). Wc now prove that this formula gives a weU-dcfined morphism. 

It is immediate from the formula that (p : D x {D/D"^ (g) I{R/S)) — » C has 
to be /3 on the first factor and is defined on the second one by the map 

M<8e(,)^e(,)-/3(t)-/3(e(,)-t). 

We have to check that this latter map is well defined homomorphism. 
We define the function 

-fr-. D > C 

d ^ r- I3{d) -P{r-d) 

and prove in turn the following statements. 

3.5 "'ir{D) is contained in the annihilator Ann(C) of C. 
Proof of 3.5 We use the fact that if d e -D, then 

a^r{d) = a {r ■ I3{d) - (3 {r ■ d)) 

= a{r-f3{d))-a{f3{r-d)) 

= ra{p{d))-(l)d{r-d)) 

= r(j)d{d)-(t>{rd{d)) 

= rd{d) - rd (d) = 

and that {C,R,a) is a crossed module. So ^r{D) CKera =Ann(C) 

3.6 7r is a morphism which factors through D/D"^. 
Proof of 3.6 Let d,d' eD be, then 

^r{dd') =r-(3 {dd') - /3 (r • {dd')) 

= r-{f3{d)l3{d'))-p(r-d)!3{d') 
= r-i3{d)P {d') ~P{r-d)P {d') 
= Mdmd') 
= 

= 7r(d)7r(d') 

Consequently 7^ is a homomorphism of commutative algebras that factors through 
D/D^. 

3.7 We define a morphism 

7: D/D'^®I{R/S) C 
[d] O e(i) I — > 7e(,) {d) 

Proof of 3.7 Since /? is a S-equivariant homomorphism, the morphisms 7^. 
depend only on the classes f of r in R/S. Thus, we define the morphism 7 as 
mentioned. 

3.8 The function defined in the theorem satisfies cjn = (3 and is a well 
defined morphism of i?-crossed modules. 

Proof of 3.8 The function is clearly a well-defined morphism of commu- 
tative algebras, since it is of the form u) = (3{d) -|- 7 (u), where (3 and 7 are 
the morphisms of commutative algebras and 7 (u) belongs to the annihilator of 
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c. 



(t){{d,u){d\u')) ^<j)[dd',uu') 

= (3{dd') + 7 (W) 

= /3(d)/3K)+7(")7K) 

= mP{d') + mi W) + 7 (^^) /3((i') + 7 (w) 7 (^^0 
= {m +j{u)){(i{d')+l{u')) 
^(f){d, u)(l){d',u') 

Further, 4>i = [3 and = C, as wy is trivial: 

a7([i]®e(,)) = a (e(,) • /3 (i) - /3 (e(,) • t)) 

= e(,) ■ a(/3(i)) - a (e(,) • t)) 

= e(,) ■ 0(9 (i) - 0(9 (e(,) • 
= ■d{t)-d (e(i) ■ 

= 0. 



Finally, we prove that preserves the action. This is the crucial part of the 
argument. Let d, t Cz D,r G R and e^j) be an element in the basis of I{R/S), 
then 

(r • (d, [i] (g) e(i))) = (r • d, [d] (g) r + [t] (g) f e(i) - [e(i) • t] (g) r) 

= /3(r • d) + 7 ([d] g) r + [t] g) re(,) - [e(j) ■ i] g) r) 

= /3 (r • d) + 7r (d) + jref.^ (t) - 7r (e(j) • t) 

= /? (r • d) + r • /3 (d) - /3 (r • d) + re(,) • /3 (t) - /3 (re(,) • i) 

= /3 (r • d) + re(,) • /? (t) - r • /3 (e(,) • t) 

= r-(/3(d)+e(,)-/3(t)~/3(e(,)-i)) 

= r-[/3(d)+7e<„(i)) 

= r -(/((d, [i] g)e(j)) . 

□ 



4 Application: Koszul Complex 

As the free crossed modules are the special case of the induced crossed modules 
we can discuss the free crossed module C i? of commutative algebras was 
shown in [T^] to have C = i?"/d(A^i?"), i.e. the 2nd Koszul complex term 
module the 2-boundaries where d : A^i?" i?" the Koszul differential. The 
idea is that A is a finite set and given a function f : X R, then one can get 

C = R+[X]/P 

constructed in section 1.2 where P is generated by the elements pq — 0{p)q for 
p,q ^ R^ [X] . Clearly P is also generated by the elements 

{xiXj - f{xi)yj \ l<i,j < n). 

Thus every elements of C can be represented by a linear form in 

C = ^ TiXi + P 
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Also 

d{c) - dij:r,x, + P) 

Since this representation is unique (see jl2j ) there is thus an epimorphism 

i?" — >C 

Ci I > Xi + P 

where is the i th basis element of i?" The kernel / this epimorphism is the 
image of the Koszul differential 

d : A^i?" ^ i?". 

So we have 

i?"/d (A^i?") 5^ C. 

When we take S ^ [X] in a morphism cj) : S R, there is the induced crossed 
module 

d:k+[x] (Sknx]R^R 

and thus 

k+[X] ®k+[x] R - (A'i?") 
This connection with the Kozsul complex is taken in [TT1[T2]. (see also [T]) 
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